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PREFACE

As we know giving & geological model to calculate the
anomaly 1is <called a geophysical forward problem. The
forward problem is an important one because wWwe want to know
the correspondance (or dependence) between the anomalies
and tne causative bodies.

Usually the forward problems are easy to solve in geophys-
ical prospecting, for example, in magneties, gravity and
Seismies, but for a long time it has been difficult for
geoelectric prospecting. For most of the applied electric
surveying problems, except for few simple geoelectric
conditions, we c¢annot calculate the electrical potential
and tne apparent resistivity analytically. So people hope
to get a numerical approximate solution with computer
modelling. These methods include the integral equation
method, the finite difference method, the finite element
method and the boundary element method.

For the two-dimensional geoelectric condition with a point
source of current the finite element method was first
applied to electric survey by J.H. Coggon (1971). He
derived the =equivalent equation of the variation and
realized the computation. In 1977 L. Rijo improved the
method with reasonable application in his Ph. D. thesis.
For the two-dimensional problem we prefer the finite
element method. We have done the finite element resistivity
modelling work for years and got some progress. In this
book we would like to introduce the theory, the technique
and the applications of the finite element resistivity
modelling in the two dimensional geocelectric conditions

with point sources of the steady current,

Zhou Xixiang (China)
Zhong Benshan (China)
Brynjolfur Eyjolfsson (Iceland)
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1. FUNDAMENTAL RELATIONS FOR ELECTRIC FIELD OF STEADY
CURRENT

1.1 Introduction of fundamental relations

In this book we will only treat the electric field of
steady current. E, U, 33 p and o represent the electric
field 1intensity, ¢the welectric potential, the electric
current density, the resistivity and the conductivity of
rocks respectively. According to the knowledge of electric
field theories, we have the following relations.

The 1intensity vector 1is the negative gradient of the
potential:

E==VU (12131)

The differential form of Ohm's low is

or
J==0VU (1.1.3)

From the conservation of electric charge, the continuity
equation of the current density j and the charge density q
we obtain

L=
el

(1.1.4)

<3
:
|
]
]
o
9

Then we obtain the equation of the potential and the charge

density by joining 1.1.3 and 1.1.4

?-(o?lj}{—q C1414%)

L7

In order to produce the differential equation of the
potential and the current intensity we need to introduce
the Dirac é=function. For example, if we assume an electric
charge distribution e along the x-axix, the charge density
is
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d he
q=~3=lim e
dx Ax=+0 AXx

Let's put a point-charge at x, then the charge density gq
equals to zero everywhere except at the point x, where g
becomes infinite. Assuming

6(x=x,)=0 when x=2x, but ¢ when x=Xx,
and

;" §{x-x,)dx=1

then the charge density at each point along the x=axis can

be written as
g=ed8(x-x,4)

In three dimensional problem, we put the point charge e at

(xo) ¥You 2,), then
q=e(t)o(x=x,)8(y~yo)é(z2~=2,)

In term of the definition of the electric current intensity

I=-—
ot
S50

9q
:-E-"IG(X‘XO)ﬂi(Y*yoJﬁ(Z"ZO)
]

Formula 1.1.5 can be written as
Ve(oVo)==I5(x=%,)6(y=yo)6(2~2,) (1.1.6)

where (X,,Y¥0s2,) are the coordinates of the point source.
This is the fundamental differential equation of the
resistivity method.

For homogeneous medium, o is a constant and then 1.1.6
simplifies to Poisson's equation
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I
VEU===§(x-%X,)6(y~y,)6(2~2,) {1:1:7)
0

With no source, 1.1.7 becomes Laplac's equation
VZU-O (1-108)

At the interface of two media with conductivity o,, and o¢,,
respectively, the potential and the normal ccmponent of the
current density follow certain boundary conditions. 1In

terms of the continuity of the electric potential we have

U1=U2 (1.1-9)

at the interface. And from the continuity of the current we
have

au, al,
T
on an

(1 +%.:70)

0,

where n is the normal vector to the interface.

If we want to determine specific distribution of the
electric field, i.e. to determine uniquely the solutions of
the differential equation, the boundary conditions given at
the boundary of the research region are needed. There are
three kinds of boundary conditions.

Consider a boundary which 1is far away from the current
source, We can assume

Ulp=o (132
or

Ulpar, (1.1.12)

where f, is known., This is called the first boundary con-
dition or Dirichlet's condition.
The ground is an insulating surface, s0o Wwe have

ol
— )

an
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which 1s called the second boundary condition or Neumann's
condition.

In calculating practice of the finite difference and the
finite element method, we find that further away than some
distance from the point-source, the potential value calcul=-
ated by condition 1.1.11 is smaller, but the values by
condition 1.1.12 is larger than the corresponding analyti-
cal ones. Therefore we may choose a mixed boundary condi-
tion. In faect, at a position which is far away from the
source We always have

C C

U( v Y 9
Xo¥iz) J(x7eyieat) F

where C is a constant, then

U C _ _ U

——®%~——p+sn==~—CO0S 6
gan r?d r

where 06 1is the angle between the radial vector r and the
normal vector n, and

au U
‘T"‘"Y"‘"-O (1.1.13)
gn r

where Y=co0s®. In practice this mixed condition is better
than the first and the second one.

As to the two-dimensional problem with line source, 1.1.0
can be simplified as

d gl o g
—(o=—)+—(o0—)==16(x"Xo)6(2-2,)
X 9x sz 0z

Here we assume that y is parallel to the line-source.

1.2 The problem of two-dimensional gecelectric structure

with point-source

Suppose the y-axis is parallel to the geological strike,
thus there is no change of geoelectric parameters in the
y-direction. That is
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o
—[o(x%x,y,2)]=0
day

then formula 1.1.6 becomes
Ve(o(x,2)TU(x,y,2)]l=-16(x-%x,)8(y~y,)6(z=2,)
(1421

In order to simplify the calculation we wuse the cosine
Fourier transform

p(x,k,z)=/%U0(x,y,z)coskydy 61 . 8729

where Kk is the wavenumber. It transforms the three-dimens-
ional potential in space (x,y,z) into two-dimensional
transformed potential in space (x,k,z).

We transform both sides of 1.1.5 by 1.2.2. Consider the
left of 1.1.5, we have

Ve(oVU)=VaVU+0V2U

dgu gl oo ol 92U 82U 92U
W st —— _+U( At

ax 3x 23z oz ax? 3z

2

Transforming this expression, we can interchange the
sequence of integration and differentation in the first
three terms because they are done to different variables.
And we use the differential theorem of Fourier transforms
for the last term. Arranging the expression we obtain

Transforming the right hand side of 1.1.5 and using

o =iky 1
Joo(y)e dy=§

we obtain

- . b1
V-(cV@)-k“oga-Eﬁ(x-xu)é(z-zu) (15 2,%)

or
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Velo(x,2)Vol(x,k,2)l~k20(x,2)6(x,K,¥)

I
awenf (XX )8 (2%2Z0)
2

This 1is the fundamental differential equation that the
transformed potential ¢ follows under the condition of
two-dimensional geoelectric structure with a point source.
It is independent of y. Also ¢ is only a function of x and
z therefore the original three-dimensional problem de=
scribed Dby 1.1.1 1is simplified as the two-dimensional
problem described by 1.2.3. In equation 1.2.3 k appears
only as a parameter. We choose several Kk values for
calculating ¢. Then we get several ¢ values at each
measured point. Each time 1in the calculation k is a
constant. And finally we obtain the values of the potential
U(x,y,2) through inverse Fourier transform which is done to
9 gained by the different k's.

2 w
U(x.y,z)-—fﬂq(x,k,z)ooskydk (1 .2.4)
T

As to the boundary conditions we prefer the mixed boundary
condition. A form which is similar to 1.2.3 can be deduced.
We know that in space (x,y,2) the electric potential of the
point source and the secondary field are inversely propor-

tional to the distance, that is

c
U(K,Y,Z)=—
; 4

where r=y/(x2+y2?+22) is the distance from the point source
to the surveying point. C is a constant. Transforming both
sides of the expression by 1.2.2 we obtain

p(x,k,2)=CK,(kr) (1+2.5)
Where K, is Bessel function of order zero,

r=V(x%+z%)

and
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d¢
——==CkK, (kr)coss (1:2,6)
on

where & is the angle between the radial vector r and the
normal vector n. K, is Bessel function of order one.
From 1.2.5 we get

_°
Ko (kr)'

substituting for €C is 1.2.6 we obtain

3¢ K,(kr)
—_—k

— 00S8=0
on Ko (kr)
or simply as
I
—+‘;'(i,=0
an
where
K, (kr)
YsK———C0356
K, (kr)

We can also obtain the second boundary condition when r
equals to zero and the first one by using 1.2.5.
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2. VARIATIONAL METHOD

The mathematical basis of the finite element method is the
variational principle. So we introduce first the
variational method.

2.1 Funectional and variation

The variational method is a method for studying functional
extremum. In fact the functional is a extension of the
function concept and the variation is a extension of the
differential concept, In mathematics the concept of
funetion is well known. Assuming x stands for the independ-
ent variable and y stands for the dependent variable, the
function can be expressed as

y=y(x)

There is a corresponding relation between x and y, that is,
every value of x corresponds to some value of y. So we call
that y is a function of x.

If J is a function of y, i.e. there is a corresponding
value of J for every value of function y. In that case we
call J a functional of y(x), expressed as

J=Jd[yl=d[y(x)]

It can be seen that functional is different from a general
function., Its independent variable is a function, i.e. the
functional is a function's function. And one must notice
that here the dependent variable J is a real value.

In order to have a concrete understanding of a functional,
we give a simple example. Assuming there are two points A
and B on a plane, we want to find the curve joining A and B
with the shortest distance (apparently it is the straight
line Jjoining A and B). This problem can be expressed
mathematically as follow. Making a wilful curve y=y(x),
which join the points A and B, the differential of the
curve is (see fig. 2.1.1)
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ds=v((dx)*+(dy)?).

So the length of the curve is

J-fids=iif((dx)2+(dy)2)=fx2/(1+(y')‘)dx [2s8e1)

X,

Where y is a function of x, but the length of the curve J
is a funection of y, so call J[y(x)] a functional. The
problem of finding the shortest curve is finding a function
y=y(x) with the boundary conditions

yi=y(x,) and y,=y(x,) (2.1.2)

such that the functional 2.1.1 is minimized.

Now wWwe discuss the concept of the variation of the func-
tional argument and the variation of the functional.
Suppose the 1independent variable y(x) to be a function
y,(x), the increment variable y(x) on y,(x) would be the
difference between the two functions y(x) and y,(x):

dy(x)=y(x)=y,(x).
The increment d&y(x) of the argument y,(x) is called the
variation of argument y(x).
If the increment of the argument of the functional J[y(x)]
is 8y(x), then

AJ=Jd[y(x)+8y(x)]1=-d[y(x)]
is the increment of the functional. 4J can be expressed as

AJ=L[y(x),6y(x)]+a (2.1.:3)

where L[y(x),6y(x)] is homogeneous linear as to 8y(x), that
is

Lly(x,6y,(x)+6y,(x)]=Lly(x),6y,(x)]~Lly(x)+8y.(x)],
and

Lly(x),x8y(x)]=aALly(x),0y(x)]
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is a higher order infinitesimal when ¢y(x) is an infini-
tesimal. Then we call L[y(x),8y(x)] the variation of
Jly(x)] at y(x) and write it as 6J[y(x)]. So we have

Ad=6J+au

Therefore the variation of a functional is the linear main
part of the functional increment. This is a definition of a
functional variation. Now we introduce another definition
as follow.

Given a functional J=J[y(x)], we consider the value
Jly(x)+tdy(x)] which the functional takes at y(x)+tsy(x).
In terms of the previous definition, if the functional has
variation in the sense that the main part of functional
increment is linear, we have

AJ=Jd[y(x)+tdy(x)]=dly(x)I=LLy(x),téy(x)]+*a

Thus
d Ad
—{Jly(x)+toy(x)]}=1lim — o I '
3t t+0 t

where L[y(x),téy(x)] is linear in éy(x), so
Lly(x),tdy(x)]=tLly(x),8y(x)]

and

G
lim —=0.
t+0 ¢

m
0
830 the variation of a functional J[(y(x)] at y=y(x) equals

the derivative of the functional Jly(x)+téy(x)] with
respect to t when t=0. That is

d
6J[y(x)]=E{J£y(x).téy(x}]}|t.° (2.1.5)

Now we discuss the extremum of a functional. We have
mentioned above that the variational method is a method to
study the extremum of a functional. As to the functional
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Jly(x)], if we have y,(x), making all y(x) in the region
where y exist satisfy the condition.

Jlyo(x)1sdly(x)] or Jly.(x)J2dly(x)]
We say that J[y(x)] takes minimum (or maximum) at y,(x). If
only y's close to y, satisfy the condition, we say that
Jly] takes local minimum (or maximum) at y,.
If the functional J=J[y(x)] has variation and takes minimum
or maximum at y,(x), the first order variation at y,(x) is
5J=6J[Y°(X)J=0 (2.1.6)
The relation is the necessary condition for J[y(x)] to take
extremum at y,. The function y=y,(x) is called the extremum

function (or extremum curve).
Practically if J[y(x)] takes extremum at y, and

y(x)=y,(x)=8y(x)

we obtain
Jly(x)]=dly,(x)+téy(x)]

for any t. When y,(x) and 6y(x) are fixed,
Jly,(x)+téy(x)I=9(t)

is a function of t. As J takes extremum at y,, ¢(t) takes
an extremum when t=0, i.e.

3
EEJ[yo(x)+t5Y(x)]|t=u

So we have

0J=LLyo(x),0y(x)]=0

The extremum problem of the functional

J[y(x}]ﬁi‘F(x,y.y')dx (2.1.7)

1
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under the boundary conditions

yi=y(x,) and y,=y(x,)

is discussed as follow. In terms of the definition above
the increment of the functional 2.1.7 is

AJ(Y)-Isz(x,y+5y,y’+dy')dx-!x’F(x,y,y')dx
%5 X,

-Ii*[F{x,y+5y.y'+6y')-F(x.y.y')de.
1

By Taylor expansion

oF aF
F(x,y+6y,y'+dy')-F(x,y,y')=—3dy+
3y 3y

6yl+a|

where o' is a higher order infinitesimal, we get

F X,
'Gy']dx+f a'dx
y

The first term of the expression 1s homogeneous linear in
§y, the second one 1is a higher infinitesimal. So the
variation of J(y) is

T I
Ad(y)= Ty
X, 9y ay!

dy 'Jdx (2.1.8)

It should be pointed out that the variation of a functional
is caused by 6y. And 6y is given by

Sy=y(x)=yo,(x)

for any certain x. Thus we can regard x as a constant in
the variational calculation of the expression 2.,1.8, and
Yo(x) is an extremum curve, y(x) is a curve very close to
i (%3

According to the formula of integration by parts

X2 X X,
J uv'dx-uv] =/ wvu'dx
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the second term on the right hand side of 2.1.8 can be
written as

X, oF oF Xy X3 d _@F
Sy'dxs= sy (x) |
x,0y' oy X, ¥, dx oy’

I

using the boundary conditions we have

8y(x,)=0 and 8y(x,)=0

Thus the first term on the right hand side equals to zero.
So 2.1.8 can be written as

X, oF d OF
8d(y)=f " (—— -
X, dy dx ey'

Joydx.

For any ¢y to satisfy the necessary condition of extremum

AJ(y)=0

we get

JF d 9oF
— — -——-—Ho (201-9)

dy dx dy'

This expression 1is called Euler's equation. It 1is the
necessary condition that the functional 2.1.7 takes an
extremum.

By solving the differential equation 2.1.9, we obtain
infinite extremum curves. Substituting boundary conditions
into it, we can obtain the unique extremum curve at last.
So the extremum problem of the functional c¢an be boiled
down to a solution of corresponding differential equation.
For example, in the functional 2.1.1

Fix,y,y')=/(1+(y")?)
So the corresponding differential equation is

3F 4 oF d y'

— e —— =

dy dx 3y' dx Y(1+(y"')?)
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Of course, it is very easy to solve this differential
equation. Integrating according to X3 we get
y'=C,¥(1+(y')?)). Simplifying it we get the equation y'=C,.
Integrating again we obtain y=C,x+C,, where C,, C, and C,
are constants. Substituting the boundary condition 2.1.,2
into the expression, we obtain

V.—¥
C,= : ‘xl
X=X,

and

hence

Yz2=Y,
e A

(X<%q Y+ g

This 1is the equation for a straight 1line. That is a
straight line is the shortest distance between A and B.

In mathematics, we can prove the opposite that the solution
of a differential equation can be boiled down to find a
extremum of a corresponding functional. Thus the extremum
of a functional and the solution of the corresponding

differential equation are equivalent.

2.2 One-dimensional finite element technique

All geophysical problems are of course two-dimensional or
three-dimensional problems. But for showing the fundamental
method of the finite element technique, we will first
introduce the one-dimensional finite element method.

Generally c¢lassical variational solution is to boil down
the extremum problem of a functional to the solution of the
corresponding differential equation. But the finite
element technique transforms the solution of a differential
equation into the extremum problem of the corresponding
functional. This is because the solutions of some differ-
ential equations are very difficult or impossible to obtain
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analytically, sc one has to establish first the correspond-
ing functional, then through discretization and interpol-
ation get an approximate minimum solution of the functional
which satisfies given boundary conditions with numerical
methods.

For example, finding the solution of the ordinary differen-
tial equation

y''!'=1 (224510
under the boundary conditions
y(0)=0 and y(1)=1

The analytical solutions of this equation can be obtained
easily. Integrating 2.2.1 twice and substituting for the
boundary conditions, we get

ywlx“+lx {2:2s2)
2 2
Here we will use the finite element technique to find an
approximate solution of the equaticon 2.2.1. First, find the
functional expression which corresponds to the differential
equation. Assuming

1
F(x.y.y')?(y'ﬂw

substituting it into Euler's equation 2.1.9, we have

oF d oF

gy dx dy'

=1-y''=0

This is just the differential equation 2.2.1. Thus the
corresponding functional is

11
J(y)wfo(z(y')2+y)dx (Re2+3)

Now, we will use the finite element technique to find the
extremum of the functional which satisfies the boundary
conditions,

The first step, simply using equal dividing points
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xo-O, X;-----sxi..,xi+1,...-,Xn

the interval 1is divided into n subintervals. These points
are called nodes and every subinterval 1is c¢alled an
element. The length of the i-th element is

1
¥i»&i~t=h==
n

The function values y(x) at the ends x, and X of the
interval [0,1] has been given by the boundary conditions.
But the function values at the nodes inside the interval
are to be found. So we transform finding the solution of a
continuous function y=y(x) into finding the values of the
function at the nodes. This is called the descretization
treatment.

The second step, assuming the function y=y(x) is linear
within every element (see fig. 2.2.1). The smaller the
element, the assumption is closer to the true. Inside the
i=th element the function yj(x) and its first derivative

yi(x) are
Yi(x)=1£:%l:l(x-xi-1)+Yi-1
and
yi(x)ari it

This is called linear interpolation.
The third step, dividing the integration 2.2.3 1into the
integrations of each element. The integration of the i-th

element is

xi 1
{;[Yi(x)]2+Yi(x)]dx

Xi 1 K
Ji(y)=J [—(y'(x))*+yldx=]
2 4 s |

1=

We substitute the expressions of yj(x) and yl(x) into the
funectional, After integrating and arranging it we obtain
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1 h
Ji(y)-;;(yi—yi—1)2+3(y1+y1-13 (2.2.0)

Thus it can Dbe seen that Jj(y) only have to do with the
values of the function at the ends of element (i.e. the

nodes Xj and xj-1). It can be written as

Ji(y)=di(yi,yi=1)

Making the sum of the integrations over all elements we
obtain from the integration 2.2.3

11 n n
J(y)=S(y++y)dx= £ J - J =
6 2 jeg i (y)= L Ji(yi,yiz1)

Thus it is shown that J(y) is a function of the values yj

at nodes xj (i=1,2,...,n-1) inside the interval. We write
it as

J(y)'J(Y1’YQ’|||a|yn-1)
We can regard J(y) as a multivariable function of variables

Yis» Y20 ooy ¥Yn-1.
The forth step, writing out the linear equation which the

variables y,, ¥,s +-..» ¥p=1 satisfy. That the functional
J(y) takes extremum is equivalent to that the multivariable
funetion J(y,,¥2...,¥pn-1) takes extremum. It is well known

that for a multivariable function to take extremum, it has
to satisfy the condition

J(Y 1 s¥20e0e0s¥n=1)
9y i

0 i=1,2,40es,n~1

Because yj only appears in Ji(yi,yi=1) of the i-th element
and Jj+1(yi+1,yi) of the (i+1)-th elements we have

3J(Y14¥2s0ees¥n=1) 3J1(yi,yi=1) 8Ji+1(yi+1,y4)
Iyi ayi oyi

0

(2.2 .58)

Similar to 2.2.4, we have
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1 h
Jist1(yi+t .yi)=z(yi+1~y1)"+-2'(yi+1+yi)

Taking the partial derivitivs of the expression 2.2.4, and
substituting them into 2.2.5, we obtain

W Ti-tgyinyied
¥y h

=0

If the interval [0,71] is divided into four elements i.e.
n=4, n=1/4, x,=0.25, %x,=0.5, x;=0.75 and with the boundary
conditions y,=0, y,=1, we obtain from the expression a set
of equations.

= L(o+2 ) :

e— N +2Y 1Y —=)

0y, R

i 4 ( 2 ) : 0
= Y *t2Y .Y o

37 s 1 2"¥a /%]

i L( 2 1) 1

—_— - + - +—=()

e Ya*el¥s "

After arranging we get

2y,"Y. el

16

1
“¥.1*2¥:"Y; ='Tg

15
“ya.*2Y, "TE

The fifth step, solving the 1linear equation system, we
cobtain

y1=0.15625’ )’2'0-3751 )’3=O.65625

Subgitituting x=0.25, 0.5, 0.75 into 2.2.2, we have the
correspondig exact solution as
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y(0.25)=0.15625, y(0.5)=0.375, y(0.75)=0.65625

There 1is no error in this example. We can divide the
interval into more subintervals, but then the work load
will increase.

In general, when we use the finite element technique to
find the solution of one-dimentional differential equation
with ©boundary conditions, we mustfirst establish the
functional expression which is equivalent to the different-
ial equation. Then we transform from solving the different-
ial equation into solving the extremum of the functional.
Next, we divide the interval into many small elements. Then
Wwe do a linear interpoclation of the function inside every
element as well as integration of the functional. Finally
we sum the integrations over all elements such that we
transform the functional of a continuous function into the
functional for the values of the function at the descrete
nodes. In terms of the necessary condition that a func-
tional takes extremum, we obtain the linear equation system
which the value of the function at every nodes satisfies.
Solving the equation system, we obtain the values of the
function at all nodes. Then these discrete values of the
function are the approximate solution of the differential
equation.

The basic method of the finite element technique to solve
two-dimensional or three-dimensional partial differential

equation with boundary conditions are the same.

2.3 Two-dimensional variational problem

At present the two-dimensional forward problem of geo=
electric survey is a very important one. Its corresponding
equation is Helmholtz's equation (it is easy to reduce it
to Poisson's or Laplace's equation) under the first, the
second or the third boundary condition. In mathematics,
these are all elliptical partial differential equations,
Thus here we discuss the variational problem in touch with
two-dimensional elliptical equation. First, we discuss the
equivalence of the boundary problem of elliptical equation
and the corresponding variational problem.
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In geoelectric surveying, the elliptical differential
equation which +the target function (e.g. +the electric
potential and so on) satisfies in the research region D is

g oU o aU
LU=s=—(a—)==——(a—)+8U=f (2.3.1)
X d8X 9z 0z

And on the boundary T of the region D (I is a sealing curve
which is smooth segment by segment) the function satisfies
one of the conditions listed below:

U‘rrO (the first boundary condition) (2.3.2)

U
E;'r-ﬂ (the second boundary condition) (2.3.3)
3U
(3;+Yu)lr=o (the third boundary condition) (2.3.4)

In the above expressions, U=U(x,y) represents the target
function which we want to find, o, 8, Y and f are functions
of x and z, demanding 0, B20, Y20. Equation 2.3.1 1is
also called Helmholtz's equation.

In mathematics it can be proved that if a function U=U(x,y)
is the solution of the equation LU=f (i.e. 2.3.1) under the
boundary condition 2.3.4 (or 2.3.2 or 2.3.3) the function
U makes the corresponding functional

J(U)=(LU,U)=~2(f,U) €238

to reach minimum, where the parentheses mean the inner
product, it is defined as

(¢.¢)=I£¢vdxdz.

Vice versa, if U makes the functional J[U] to reach
minimum. U is the solution of the equation LU=f under the
corresponding boundary condition. That 1is to say, the
boundary value problem of Helmholtz's equation and the
variational problem of the quadratic functional is equival-
ent.
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Here we will not give a stringent provement of this but
only from the derivation of formula explain their equival~
ence. First

(LU,U)-I&ULdedz

0 P d d
==[[U[—(a—)+—(0o—) Jdxdz+//BU*dxdz
D ¢6x o0x 8z 02 D

As
d a0 @ al el
U= (g=—) ==—(alU—)=0a (—) 2
gxX 9x 9x ox ox
and
b au d aU ol
U—(a—)=—(aU—)=a(—)?
92 02 ¢2 dz 0z
we have

du ol d el U aU
(LU,U) =S {al(—) 2+ (—)*]*—(aU—)=—(aU—) }dxdz
D ox 02z o X 6xX dz 8z

+f65U2dxdz

In terms of Green's theorem

dZ ¢X
JJ(=—=+—)dxdz=06(Zdz~-Xdx)
D 9x @z

the last two terms of the integration can be written as

] aU ) oU
J/[—(aU—)+—(aU—) Jdxdz
D 8x X 02 9%

ol aU

=0 U—dz-alU—dx
rle ax i /z ]

From Fig. 2.3.1, it can be seen that
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gU au gl dz sU dx
aU—~dz+aU——dx=aU(—- —=— —)ds
9X 8z ox ds oz ds

2y

oU ol aU
aU[*—cos(n x)+—cos(n,z)]ds=aqU=—ds
X 8z an

Hence

ol & ou oU
II[—-(aU——)+——(uU——)]dxdz=¢rau——ds
ox ax 9z 0z

Substituting for the third boundary condition, we obtain

g O ke LI L 6
s (Gl immf i —) ldxdz=- YU?
D o9x 0x Z 0Z l'a as

where ds is a small segment on T, n is the direction of the
outer normal of this segment. Therefore

J(U)=(LU,U)=2(f,U)
au oU
=/J{al(—)2+(—)2]+pU2-2fU}dxdy+braYU2ds (2.3.6)
D ax 9z

In fact, because J[U] is a quadratic functional, we can
find its first order and second order variation. Assuming
6U(x,z) is a increment of u(x,z), we have

, a(u+su) 3(U+su)
JLU+sUT=JJ{al( J R )2]+p(U+sU)2
D 8 X 8z

-2f(U+6U)}dxdz+druy(u+ﬁu)2ds

dd U 98U a6
+

00X

au al
=/ {a[(—)2+2(—)(
D 0x ox

~2fU-2f6U}dxdz+0 [ qY2UsU+a¥(8U)2]ds=J[U]+6J+1/252J

where
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aUu  géu ]

sU
ad= 2f [a(*—}( )+u(——)( Y+BUsU~-fsUJdxdz

+26rqvUsUAdUds (2.3.7)

)2+(

§2J=2/ 61&[( )]+8(6U)2]d362+2¢raT(6U)3

The necessary condition for the functional 2.3.6 to take

extremum is
6J=0,

but 0, B20, Y20 and &8U=0 so 6%*J>0. Thus the sufficient
and necessary condition that the functional 2.2.6 reach
minimum is 6J=0 and §2J>0.

Now we rewrite the first order variation &8J using

ol s8U 9 aU o ou
Gy =—(aéU—)~§U—(a—)
3x 9xX 99X ox ax o9x
and
o0 380, 3rosudVyasud _(a2Y)
02 02 0% dz 3z 0z
50
¢ oU 9 oU g o 3 o
oJ-EII{[-‘-*(x——)"——(u——)J0U+—-(u6U—-)+—"(a6U——)
D X 09X o6z 3z X aXx 0%z oz
+*20 YU BUdS
oU

=215(LU‘f)6dedZ+2¢radﬁj;ds+2éraTGUds
(2}

au
EIg(LU*f)ddedz+2épa(E—+yu)ﬁuas
n

As U is wilful and «>0, so from éJ=0 we can derive
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su
LU~f=0 and (—+YU) | =0 (2.3.9)
on

This is the solution of the third boundary value problem of
the equation 2.3.1.

When J=0, the second integral term vanishes. It can be seen
easily that 6dJ=0 corresponds to find a solution of the
differential equation under the second boundary condition,
l.e.

ol
an

LU=f=0 and

| p=0 (2.3.10)

As to the first boundary value problem, as there is no line
integral term in the functional 2.3.6, and we consider that

GUIP-O. So we have

6J-2I£(LU-f}6dedz

The minimum function U(x,y) corresponding to &J=0 is the
solution of the equation under the first bocundary
condition.

LU~£=0 and Ulpao (2,3.11)

In the above discussion the case is that when we find a
funetion which causes the functional 2.3.6 to reach
minimum, the boundary condition is satisfied automatically
by the minimum function and need not to be listed as a
condition for determining the solution. Such boundary
conditions are called spontaneous boundary condition.

But the first boundary condition, in both the variational
problem and the boundary value problem of the differential
equation, must be listed as the condition for determining
the soluticn. That is to say, the extremum solution has to
be found in the functions which satisfies this boundary
condition. This kind of boundary condition is called forced
boundary condition.

The discussion above fits with homogeneous medium, so there
does not appear physical property papameters of the medium
in the formula. When the medium is inhomogeneous we must
consider the influence of the separating surface between
two media and there will appear physical property para-
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meters of the media in the formula. HNow we take the
electric field as an example.
In terms of the electro-magnetic field theory, on the
separating interface between two conductive media, the
electric field must satisfy two conditions:

1) the electric potential is continuous, i.e. U,=U,

2) the normal component of the current density 1is
continuous, i.e. jyp=j,n or

where p,, p, are the resistivities of the media, n is the
normal to the interface, pointing from medium 1 to medium
2

Now there is given a distribution of the two media in Fig.
2.3.2. As to the Laplace equation of the first boundary
condition and considering a=o0=1/p, we write the correspond-
ing functional

1_ aU au
JLUJ=/] =[(—)?+(—)?]dxdz
D p ox 0z

il oU ou 1 sl al
= —[(—)?*+(—)?]Jdxdz+f] —[(—)2+(—)*]dxdz
D, p, 9x 0z D,p, ox gz

where the region D is made of the regions D, and D,, and
p=p; in D,;, p=p, in D,. The variation of the expression is
written as

1 3% 32%U 1 3?%U a%u
JLUTm] ) —={ ot JsUdxdz=JJ —(—F+—7)éUdxdz
D, p, ox* 9z? Ds 0z ox%* 9z
19U 1 U 19U 13U
+] 6U— —ds+/ §U— —ds+) 3U— —ds+/ 8U— —ds
'y p, 3n ', p, én Piz py 9n r{.: p. 2n

The normal of the separating interface points to the medium
2 from the medium 1, so the last term of the expression is
negative. On 1interface T,,, because the potential is
continuous, the variation of the potential in medium 1 must
equal to the variation of it in medium 2, i.e.
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oUlrt,=eulrt,

And because the normal component of the current density is
continuous, the last two integral term offset each other.
S0 wWwe obtain the variation of the corresponding functional

ILU] . (azu SZU) . r;1 (azu a2u
J W= + dUdxdz-/J/— ¥
P ox® 3z D ps @x% 0gt

yaUdxdz

. 18U 1 38U
+Jr:3U;— E;ds+frzaU;“ aqds
1 2 @

d2U BZU)6Ud — 1 U
+ xdz+fpyy— —
9x?* gz*? I‘dup ands

1
==/
D p

where [I'=I',;+I', only involve the outer boundary, it does not
involve the separating interface of the media.

Through the above analysis we know that if the functional
expression involves physical property parameters, the
variation of the functional has nothing to do with the
separating interface and only has to do with the outer
boundary. In the process of the functional taking extremum,
the boundary condition on the interface will be satisfied
automatically. So this condition belongs to the spontaneous
one.
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3 THE FINITE ELEMENT TECHNIQUE FOR HELMHOLTZ'S EQUATION

As mentioned before, the transformed potential from a point
source in the two-dimensional resistivity problem can be
described by the two-dimensional Helmholtz's equation
1.2.3. Therefore it is of great importance to apply the
corresponding finite element method in the digital modell-
ing of the geoelectric survey.

We know, that the solution of the two~dimensional
Helmholtz's equation

a a0 @ au
LU==—(g=—)=—(a—)+8U=1 (3.0.1)
0X ©oXx dz 9z

with the third boundary condition

(aU+YU|)
™ r=0 (3.0.2)

corresponds to the function which minimizes the functional
) oU oU
J(U)-fﬂ[a[(s-)2+(E—)2]*BU2“2fU}dde*dru¥Uzds (3.0.3)
X z

In the formula above, U is the target function, D is the
research region and T is the boundary curve of D.

3.1 The deduction of the coefficient matrix

When we use the finite element technique to resolve the
minimum of a functional, the procedure is the same as that
of the one-dimensional finite element technique which has
been studied in the former section., In domain D, a simple
triangular subdivision is used. At the boundary we use an
edge of the triangular element to fit the curve approx-
imately., It is not allowed for the edge of a element to

cross the interface of two media and and alsc to a
corner of any ¢triangle appear at an edge of another
element. It should be avoided to wuse a very sharp

triangle., It is needed toc use more elements in the region
where the target function U have big variation.
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The corners of the elements are called nodes. The mesh
consists of all elements and nodes. The number of each
element and node is given by a certain order.

Suppose the numbers for the corners of a triangular element
are i, j, and m in the anti-clockwise direction (see Fig.
3.1.1). The relevant coordinates are (xj,6 zj), (xj,zj) and

Xm,zm), and the values of the function U are Ui, Uj, and

Un. We want to find the values of the function U at all
nodes in domain D, except the nodes at the boundary where

the first boundary condition is used. Therefore the problem
to find the solution of the continuous function U(x,z) is
reduced to the problem to find the function values at the
nodes.